Rationality of admissible affine vertex algebras in the category O by Arakawa, Tomoyuki
ar
X
iv
:1
20
7.
48
57
v4
  [
ma
th.
QA
]  1
2 D
ec
 20
14
RATIONALITY OF ADMISSIBLE AFFINE VERTEX ALGEBRAS
IN THE CATEGORY O
TOMOYUKI ARAKAWA
Abstract. We study the vertex algebras associated with modular invariant
representations of affine Kac-Moody algebras at fractional levels, whose simple
highest weight modules are classified by Joseph’s characteristic varieties. We
show that an irreducible highest weight representation of a non-twisted affine
Kac-Moody algebra at an admissible level k is a module over the associated
simple affine vertex algebra if and only if it is an admissible representation
whose integral root system is isomorphic to that of the vertex algebra itself.
This in particular proves the conjecture of Adamovic´ and Milas [AM] on the
rationality of admissible affine vertex algebras in the category O.
1. Introduction
Let g be a complex simple Lie algebra, ĝ the non-twisted affine Kac-Moody
algebra associated with g, V k(g) the universal affine vertex algebra associated with
g at a non-critical level k, L(kΛ0) the unique simple quotient of V
k(g). The simple
affine vertex algebra L(kΛ0) is called admissible if it is isomorphic to an admissible
representation [KW2] as a ĝ-module. The purpose of this article is to classify simple
modules over admissible affine vertex algebras.
By a well-known result of Zhu [Zhu], there is a one-to-one correspondence be-
tween positively graded simple modules over a graded vertex algebra V and simple
A(V )-modules, where A(V ) is Zhu’s algebra of V . In the case that V is an affine
vertex algebra L(kΛ0), we have
A(L(kΛ0)) ∼= U(g)/Ik(1)
for some two sided-ideal Ik of the universal enveloping algebra U(g) of g. Since a
simple U(g)-moduleM is an A(L(kΛ0))-module if and only if the annihilating ideal
of M in U(g) contains Ik, our problem amounts to classify the primitive ideals of
U(g) containing Ik. Because any primitive ideal of U(g) is the annihilating ideal of a
highest weight representation of g [Duf], it suffices to classify simple highest weight
representations of A(L(kΛ0)), or equivalently, to classify simple L(kΛ0)-modules in
the category O of ĝ.
Let L(λ) be the irreducible highest weight representation of ĝ with highest weight
λ.
Main Theorem. Let k be an admissible number1, λ a weight of ĝ of level k. Then
L(λ) is a module over L(kΛ0) if and only if it is an admissible representation whose
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1A complex number k is called admissible if L(kΛ0) is an admissible representation.
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integral root system is isomorphic to that of L(kΛ0). In particular any ĝ-module
from the category O is an L(kΛ0)-module if and only if it is a direct sum of such
admissible representations of ĝ of level k.
The second statement of Main Theorem was conjectured by Adamovic´ and Milas
[AM, Conjecture 3.5.7]. It has been proved in some special cases: for type C
(1)
ℓ
admissible half integer levels by Adamovic´ [Ada]; for ŝl2 by Adamovic´ and Milas
[AM], Dong, Li and Mason [DLM] and Feigin and Malikov [FeM]; for some cases
in type A
(1)
ℓ , B
(1)
ℓ admissible half integer levels by Persˇe [Per1, Per2]; for a few
cases in type G
(1)
2 admissible one-third integer levels by Axtell and Lee [AL]. These
works are based on the explicit computation of the singular vector of V k(g) which
generates the maximal ideal. Our method in this article is completely different.
Let us explain the outline of the proof of Main Theorem briefly. By (1) simple
highest weight L(kΛ0)-modules are classified by Joseph’s characteristic variety [Jos]
V(Ik) of Ik, which is a Zariski closed subset of the dual h
∗ of the Cartan subalgebra
h of g (Proposition 2.5). We deduce the “if” part of Main Theorem from a result
of Frenkel and Malikov [FrM, MF] which states that every G-integrable admissible
representation at level k is a module over L(kΛ0), together with an affine analogue
of the Duflo-Joseph Lemma (Lemma 2.8) for characteristic varieties. We prove the
“only if” part of Main Theorem by reducing to the ŝl2-cases [AM] using the semi-
infinite restriction functor H
∞
2 +i(m(i)[t, t−1], ?) studied in [A3], where m(i) is the
nilradical of a minimal parabolic subalgebra of g, see §4.3 for the details.
It should be mentioned that there is another variety naturally associated with
A(L(kΛ0)), that is, the zero set V (gr Ik) of the associated graded ideal gr Ik of
C[g∗]. We have a surjection
RL(kΛ0) ։ grA(L(kΛ0)) = C[g
∗]/ gr Ik(2)
of Poisson algebras, where RL(kΛ0) is Zhu’s C2-algebra of L(kΛ0), see [ALY, Propo-
sition 3.3]. Hence V (gr Ik) is contained in the associated variety [A1] XL(kΛ0) =
SpecmRL(kΛ0). Although (2) is not an isomorphism in general, in a subsequent
paper [A4] we prove the following:
Theorem 1.1. Let k be an admissible number, with k + h∨ = p/q, p, q ∈ N,
(p, q) = 1. Then (2) induces the isomorphism of varieties
V (gr Ik) ∼= XL(kΛ0).
Namely [A2], we have
V (gr Ik) ∼=
{
{x ∈ g; (adx)2q = 0} if (r∨, q) = 1,
{x ∈ g;πθs(x)
2q/r∨ = 0} if (r∨, q) = r∨,
which is an irreducible G-invariant subvariety of g∗ ∼= g. Here r∨ is the lacing
number of g, θs is the highest short root of g and πθs is the irreducible finite-
dimensional representation of g with highest weight θs.
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Although they themselves are not rational in the usual sense2 it has been conjec-
tured [FKW, KW3] that admissible affine vertex algebras produce rational W -
algebras in many cases by the method of the (generalized) quantum Drinfeld-
Sokolov reduction. By applying the result in this article in a subsequent paper
[A4] we prove the rationality of all the minimal series principal W -algebras [FKW].
This paper is organized as follows. In §2 we establish the relationship between
Joseph’s characteristic varieties and the representation theory of affine vertex al-
gebras and prove an affine analogue of the Duflo-Joseph Lemma (Lemma 2.8). In
§3 we prove the “if part” of Main Theorem. In §4 we prove the “only if part”
of Main Theorem. In appendix we apply Main Theorem to prove a semi-infinite
analogue of Kostant’s generalized Borel-Weil-Bott Theorem [Kos] for admissible
representations announced in [A3].
Acknowledgments. Some part of this work was done while the author was visit-
ing Weizmann Institute, Israel, in May 2011, Emmy Noether Center in Erlangen,
Germany in June 2011, Isaac Newton Institute for Mathematical Sciences, UK,
in 2011, The University of Manchester, University of Birmingham, The Univer-
sity of Edinburgh, Lancaster University, York University, UK, in November 2011,
Academia Sinica, Taiwan, in December 2011. He is grateful to those institutes for
their hospitality.
2. Affine vertex algebras and Joseph’s characteristic varieties
Let g be a complex simple Lie algebra of rank l. Fix a triangular decomposition
g = n−⊕ h⊕ n+,
with a Cartan subalgebra h of g. We will often identify h with h∗ using the normal-
ized invariant bilinear form ( | ) of g. Let ∆, ∆+, ∆−, Π = {α1, . . . , αl} be the sets
of the roots, positive roots, negative roots, and simple roots of g, respectively. Also,
let θ be the highest root of g, θs the highest short root, ρ the half sum of the positive
roots, W = 〈sα;α ∈ ∆〉 ⊂ Aut h
∗ the Weyl group of g. Here sα(λ) = λ− 〈λ, α
∨〉α,
α∨ = 2α/(α|α). We set si = sαi for i = 1, . . . , l. Let w ◦ λ = w(λ + ρ) − ρ for
w ∈ W , λ ∈ h∗.
Denote by Og the Bernstein-Gelfand-Gelfand category O of g, by Lgλ the irre-
ducible highest weight representation of g with highest weight λ ∈ h∗.
Set U(g)h := {u ∈ U(g); [h, u] = 0 for all h ∈ h}, and let
Υ : U(g)h → U(h)
be the restriction of the projection U(g) = U(h)⊕(n−U(g) + U(g)n+) → U(h) to
U(g)h. One knows that Υ is an algebra homomorphism.
For a two-sided ideal I of U(g), the characteristic variety [Jos] (without the
ρ-shift) of I is defined as
V(I) = {λ ∈ h∗; p(λ) = 0 for all p ∈ Υ(Ih)},
where Ih = I ∩ U(g)h.
Lemma 2.1. For λ ∈ h∗, λ ∈ V(I) if and only if ILgλ = 0.
2However Main Theorem implies that admissible affine vertex algebras are rational in the sense
of [DLM]. Also, the fact [A2] that XL(kΛ0) is contained in the nilpotent cone of g implies that
they are C2-cofinite in the sense of [DLM].
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Proof. The “if part” is obvious. To see the converse, suppose that ILgλ 6= 0. Then
ILgλ = L
g
λ since L
g
λ is simple. It follows that there exists a ∈ I
h such that vλ =
avλ = Υ(a)(λ)vλ, where vλ is the highest weight vector of L
g
λ. Hence λ 6∈ V(I). 
By Lemma 2.1, the characteristic variety V(I) of I classifies simple U(g)/I-
module in the category Og.
The following fact is useful for us.
Lemma 2.2 ([Duf], [Jos, Lemma 2]). Let I be a two-sided ideal of U(g), λ ∈ V(I).
Suppose that 〈λ+ ρ, α∨i 〉 6∈ N for αi ∈ Π. Then si ◦ λ ∈ V(I).
Let
ĝ = g[t, t−1]⊕CK
be the affine Kac-Moody algebra associated with g as in Introduction. The com-
mutation relations of ĝ are given by
[xtm, ytn] = [x, y]tm+n +m(x|y)δm+n,0K, [K, ĝ] = 0
for x, y ∈ g, m,n ∈ Z. Let
ĝ = n̂−⊕ ĥ⊕ n̂+
be the triangular decomposition of ĝ, where n̂− = n−⊕ g[t
−1]t−1, ĥ = h⊕CK,
n̂+ = n+⊕ g[t]t. Let ĥ
∗ = h∗⊕CΛ0 be the dual of ĥ, where Λ0(K) = 1, Λ0(h) = 0.
For λ ∈ ĥ∗, denote by λ¯ ∈ h∗ the restriction of λ to h.
Let ∆̂re be the set of real roots of ĝ in the dual h˜∗ = ĥ∗⊕Cδ of the extended Car-
tan subalgebra h˜ = ĥ⊕CD, ∆̂re+ the set of positive real roots, Π̂ = {α0, α1, . . . , αl}
the the set of simple roots of ĝ, where α0 = −θ + δ.
Let Ŵ = W ⋉Q∨, the Weyl group of ĝ, which is generated by s0, s1, . . . , sl. Here
Q∨ =
∑
α∈∆ Zα
∨, the coroot lattice of g, and s0 is the reflection corresponding to
α0. Let W˜ = W ⋉ P
∨, the extended Weyl group of ĝ, where P∨ is the coweight
lattice of g. We write tλ for the element of Ŵ corresponding to λ ∈ P
∨. It holds
that
W˜ = W˜+ ⋉ Ŵ ,
where W˜+ is the subgroup of W˜ consisting of elements which fix the set Π̂. Write
θ =
∑l
i=1 aiαi and set J = {i ∈ {0, 1, . . . , l}; ai = 1}. The group W˜+ is described
as
W˜+ = {tΛ¯jwj ; j ∈ J},(3)
where Λ¯j is the j-th fundamental weight of g and wj is the unique element of W
which fixes the set {α1, . . . , αl,−θ} and wj(−θ) = αj . We have the isomorphism
W˜+ ∼= P
∨/Q∨, tΛ¯jwj 7→ Λ¯j +Q
∨.
Let k ∈ C. Denote by Uk(ĝ) the quotient of the universal enveloping algebra
U(ĝ) by the ideal generated by K − k id, and let
U˜k(ĝ) := lim←−
N
Uk(g)/(Uk(g)g[t]t
N ),
the completed universal enveloping algebra of ĝ ([FBZ, 4.2.1]) at level k.
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A ĝ-moduleM is said to be of level k if K acts as the scalar k. It is called smooth
if (xtn)m = 0 for any x ∈ ĝ, m ∈M and a sufficiently large n. A smooth ĝ-module
M of level k is naturally considered as a continuous U˜k(ĝ)-module.
Let V k(g) be the universal affine vertex algebra associated with g at level k as
in Introduction. By definition,
V k(g) = U(ĝ)⊗U(g[t]⊕CK) Ck
as a ĝ-module, where Ck is the one-dimensional representation of g[t]⊕CK on
which g[t] acts trivially and K acts as a multiplication by k. Note that by the
PBW theorem we have V k(g) ∼= U(g[t−1]t−1) as vectors spaces. Define the linear
map
Y˜ : V k(g)→ U˜k(ĝ)[[z, z
−1], a 7→ Y˜ (a, z) =
∑
n∈Z
a(n)z
−n−1
by
Y˜ ((x1t
−n1−1) . . . (xrt
−nr−1)1, z) =
1
n1! . . . nr!
: ∂n1z x1(z) . . . ∂
nr
z xr(z) :,
where 1 = 1 ⊗ 1, x(z) =
∑
n∈Z(xt
n)z−n−1 for x ∈ g and : : denotes the normally
ordered product (see [Kac, 3.1]). The space V k(g) is equipped with the vertex alge-
bra structure whose state-field correspondence Y : V k(g) → (EndV k(g))[[z, z−1]]
is given by the composition of Y˜ with the action map U˜k(ĝ) → EndV
k(g), see
[Kac, FBZ] for the details. We have
[a(m), b(n)] =
∑
i≥0
(
m
i
)
(a(i)b)(m+n−i),(4)
(a(m)b)(n) =
∑
i≥0
(−1)i
(
m
i
)
(a(m−i)b(n+i) − (−1)
rb(m+n−i)a(i))(5)
for a, b ∈ V k(g), m,n ∈ Z, in U˜k(ĝ) by [FBZ, Lemma 4.3.2].
For a smooth ĝ-module of level k, let YM : V k(g) → (EndM)[[z, z−1]] be the
composition of Y˜ with the action map U˜k(ĝ) → EndM . This gives M a V
k(g)-
module structure. Conversely any V k(g)-module can be considered as a smooth
ĝ-module of level k. Hence a V k(g)-module is the same as a smooth ĝ-module of
level k.
We assume that the level k is non-critical, that is, k 6= −h∨, where h∨ is the
dual Coxeter number of g. The vertex algebra V k(g) is conformal by the Sugawara
construction; let
L(z) =
∑
n∈Z
Lnz
−n−2 = Y˜ (ω, z),
where ω = 12(k+h∨)
∑dimg
i=1 xit
−1xit−11, {xi} is a basis of g, {x
i} is the dual basis,
and 1 = 1⊗ 1 ∈ V k(g). We have
[Lm, Ln] = (m− n)Lm+n +
m3 −m
12
δn+m,0
k dim g
k + h∨
,
[Lm, xt
n] = −nxtn−m for x ∈ g, n ∈ Z.
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For a smooth ĝ-module M of level k and d ∈ C, set
Md = {m ∈M ; (L0 − d)
rm = 0 for r ≫ 0}.
Note that each Md is a g-submodule of M . We say M is graded if M =
⊕
d∈CMd;
positively graded if there exists dtop ∈ C such thatMdtop 6= 0 andM =
⊕
n∈Z≥0
Mdtop+n.
If this is the case we often write Mtop for Mdtop .
The module V k(g) is positively graded:
V k(g) =
∞⊕
∆=0
V k(g)∆.
For a homogeneous element a ∈ V k(g), the L0-eigenvalue of a is called the conformal
weight of a and denoted by ∆a.
We denote by L(V k(g)) Borcherds’ Lie algebra associated with V k(g):
L(V k(g)) = V k(g)⊗ C[t, t−1]/(L−1 ⊗ 1 + 1⊕
d
dt
)(V k(g)⊗ C[t, t−1]).
The Lie bracket of L(V k(g)) is given by
[a{m}, b{n}] =
∑
i≥0
(
m
i
)
(a(i)b){m+n−i}
for a, b ∈ V , m,n ∈ Z, where a{n} denotes the image of a ⊗ t
n in L(V k(g)). The
Lie algebra L(V k(g)) is graded:
L(V k(g)) =
⊕
∆
L(V k(g))∆,
where deg a{m} = m−∆a + 1 for a homogeneous vector a ∈ V
k(g).
Note that (xt−11){m}, x ∈ g, m ∈ Z, generates the Kac-Moody algebra ĝ at
level k, and hence, there is an adjoint action of ĝ on L(V k(g)).
By (4), there is a natural Lie algebra homomorphism
L(V k(g))→ U˜k(ĝ), a{m} 7→ a(m),
which is known to be injective ([FBZ, 4.2.7]). Below we consider L(V k(g)) as a
graded Lie subalgebra of U˜k(ĝ) and write a(m) for a{m}. Clearly, L(V
k(g)) is a
ad ĝ-submodule of U˜k(ĝ).
For a Z-graded vertex algebra V , let A(V ) be Zhu’s algebra of V . By [Zhu, Theo-
rem 3.1.1], one knows that A(V k(g)) ∼→ U(g) as algebras. This isomorphism may be
constructed as follows: Consider the decompositionUk(ĝ) = U(g)⊕(g[t
−1]t−1Uk(ĝ)+
Uk(ĝ)g[t]t). This induces the decomposition
U˜k(ĝ) = U(g)⊕ (g[t−1]t−1Uk(ĝ) + Uk(ĝ)g[t]t),(6)
where, for a subspace M of U˜k(ĝ), M denotes the closure of M . Let Φ : U˜k(ĝ) →
U(g) be the projection with respect to the above decomposition.
Lemma 2.3. The correspondence [a] 7→ Φ(o(a)) gives the algebra isomorphism
A(V k(g)) ∼→ U(g), where o : V k(g) → U˜k(ĝ) is the linear map defined by o(a) =
a(∆a−1) for a homogeneous element a of V .
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Proof. The fact that the above map is an algebra homomorphism follows from the
formula
o(a)o(b) ≡ o(a ∗ b) (mod (g[t−1]t−1Uk(ĝ) + Uk(ĝ)g[t]t)),(7)
where a ∗ b =
∑
i≥0
(
∆a
i
)
a(i−1)b for a homogeneous element a ∈ V
k(g) (see [Zhu,
Theorem 2.1.2]). The assertion follows by recalling the proof of [FZ, Theorem
3.1.1]. 
Let Ok be the full subcategory of ĝ-modules of level k consisting of objects M
on which (1) L0 acts locally finitely, (2) n̂+ acts locally nilpotently, (3) ĥ acts
semisimply. An object of Ok is obviously smooth. Note that V
k(g) is an object
of Ok. Let L(λ) be the irreducible highest weight representation of ĝ with highest
weight λ ∈ ĥ∗. Clearly, L(λ) is positively graded and
L(λ)top ∼= L
g
λ¯
as g-modules. The category Ok is naturally regarded as a full subcategory of the
category of V k(g)-modules.
Let Nk be the unique maximal ideal of V
k(g). Then
V k(g)/Nk ∼= L(kΛ0)
as ĝ-modules, where Λ0 ∈ ĥ
∗ is the 0-th fundamental weight of ĝ: Λ0(K) = 1,
Λ0(h) = 0. The vertex algebra L(kΛ0) is called the (simple) affine vertex algebra
associated with g at level k. By definition, a V k(g)-module M is a L(kΛ0)-module
if and only if a(n) annihilates M for all a ∈ Nk, n ∈ Z.
Let L(Nk) be the image of Nk in L(V
k(g)). Then L(Nk) is a graded ideal of
L(V k(g)): L(Nk) =
⊕
∆∈ZL(Nk)∆, where L(Nk)∆ = L(Nk) ∩ L(V
k(g))∆. We
have L(L(kΛ0)) ∼= L(V
k(g))/L(Nk). Set
Ik := Φ(L(Nk)0) ⊂ U(g).
By (7), it follows that Ik is an two-sided ideal of U(g).
The following follows immediately from the definition of Zhu’s algebra [FZ].
Lemma 2.4. The isomorphism A(V k(g)) ∼→ U(g) in Lemma 2.3 induces the iso-
morphism A(L(kΛ0))
∼→ U(g)/Ik.
By Zhu’s theorem [Zhu], the correspondence
M 7→Mtop
gives a bijection between the set of isomorphism classes of simple positively graded
L(kΛ0)-modules and that of simple A(L(kΛ0))-modules. Hence Lemma 2.1 and
Lemma 2.4 give the following assertion.
Proposition 2.5. For a weight λ ∈ ĥ∗ of level k, L(λ) is a module over L(kΛ0) if
and only if λ¯ ∈ V(Ik). (Recall that λ¯ denotes the restriction of λ to h.)
Lemma 2.6. Let λ ∈ ĥ∗ be a weight of level k such that λ¯ ∈ V(Ik). Suppose that
〈λ+ ρ̂, α∨i 〉 6∈ N for αi ∈ Π̂. Then si ◦ λ ∈ V(Ik).
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Proof. The case i = 1, . . . , l is the statement of Lemma 2.2. We shall prove the
assertion for i = 0 based on the argument in the proof of [Jos, Lemma 2]. Let
sl
(0)
2 = spanC{e0, f0, α
∨
0 } ⊂ ĝ be the copy of sl2(C), where e0 and f0 are root
vectors of root α0 and −α0, respectively. Set
b̂(0) = sl
(0)
2 + (ĥ⊕ n̂+) = l̂⊕ m̂,
the minimal parabolic subalgebra of ĝ, where l̂ is its Levi subalgebra and m̂ is its
nilradical. We have l̂ = sl
(0)
2 + ĥ
⊥
0 and m̂ =
⊕
α∈∆̂re
+
α 6=α0
ĝα, where ĥ
⊥
0 is the orthogonal
complement of Cα∨0 in ĥ and ĝα denotes the root space of ĝ of root α. Denote
by m̂− the opposite subalgebra of m̂, so that ĝ = m̂−⊕ l̂⊕ m̂+. Then we have
the decomposition Uk(ĝ) = Uk (̂l)⊕(m̂−Uk(ĝ) +Uk(ĝ)m̂), where Uk(̂l) = U (̂l)/(K −
k)U (̂l). This induces the decomposition
U˜k(ĝ) = Uk (̂l)⊕ (m̂−U˜k(ĝ)⊕ U˜k(ĝ)m̂),
Let Υ̂(0) : U˜k(ĝ)→ Uk (̂l) be the projection with respect to this decomposition. Set
I := Υ̂(0)(L(Nk)0),
which is an ad l̂-invariant subspace of Uk (̂l). Note that we have
Υ(Ik) = γ
(0)(I),(8)
where γ(0) : U (̂l) → U(h) is the projection defined by the decomposition Uk (̂l) =
U(h)⊕(f0Uk(̂l) + Uk(̂l)e0).
Since it is a direct sum of semisimple finite-dimensional representations I is
generated by Ie0 := {u ∈ I; [e0, u] = 0} as an ad l̂-module, and by Kostant’s
separation theorem Ie0 is spanned by the vectors of the form
en0 bn with n ∈ Z≥0, bn ∈ Z0,
where Z0 is the subalgebra of Uk (̂l) generated by the quadratic Casimir element
Ω0 ∈ U(sl
(0)
2 ) and ĥ
⊥
0 .
Now suppose that en0 bn ∈ I
e, n ∈ Z≥0, bk ∈ Z0, annihilates L(λ). Then e
n
0f
n
0 bn
also annihilates L(λ). Since
en0f
n
0 bnvλ = λ(α
∨
0 )(λ(α
∨
0 )− 1) . . . (λ(α
∨
0 )− n+ 1)bnvλ,
where vλ is the highest weight vector of L(λ), the assumption implies that λ is a
zero of γ(0)(bn), and so is s0 ◦λ. It follows that I
e0 is spanned by the vectors en0 bn,
n ∈ Z≥0, bn ∈ Z0, such that γ
(0)(bn)(s0 ◦ λ) = 0. By (8), we conclude that s0 ◦ λ
is a zero of Υ(Ik). 
Lemma 2.7. Let λ ∈ ĥ∗ be a weight of level k such that λ¯ ∈ V(Ik). Then w ◦ λ ∈
V(Ik) for any w ∈ W˜+.
Proof. Let w ∈ W˜+. Then w
−1 = tΛ¯jwj for some j ∈ J , see (3). Let w˜j be a Tits
lifting of wj to the adjoint group of g. Also, let ∆(Λ¯j , z) be Li’s delta operator
[Li] corresponding to Λ¯j. One can obtain a new simple L(kΛ0)-module from L(λ)
by twisting the action a 7→ Y L(kΛ0)(a, z) on L(λ) by a 7→ Y L(kΛ0)(∆(Λ¯j , z)w˜ja, z).
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Since the twisting the action by ∆(Λ¯j , z) induces the automorphism of ĝ correspond-
ing to tΛ¯j (see [Li, (3.15)–(3.17)]), one finds that the resulting L(kΛ0)-module is
in the category Ok and isomorphic to L(w ◦ λ) as ĝ-modules. This completes the
proof. 
Lemma 2.8. Let λ ∈ ĥ∗ be a weight of level k such that λ¯ ∈ V(Ik), and let w ∈ W˜ .
Suppose that 〈λ+ ρ̂, α∨〉 6∈ N for all α ∈ ∆̂re+ ∩ w
−1(∆̂re− ). Then w ◦ λ ∈ V(Ik).
Proof. By Lemma 2.7 we may assume that w ∈ Ŵ . We proceed by induction on
the length ℓ(w) of w. The case that ℓ(w) = 1 has been proved in Lemma 2.6. So
let ℓ(w) > 1. Write w = siy with i ∈ {0, 1, . . . , l}, y ∈ Ŵ , ℓ(w) = ℓ(y) + 1. Then
∆̂re+ ∩w
−1(∆̂re− ) = {y
−1(αi)} ⊔ (∆̂
re
+ ∩ y
−1(∆̂re− )).
Hence by the induction hypothesis we have y ◦ λ ∈ V(Ik). Since 〈y ◦ λ + ρ̂, α
∨
i 〉 =
〈y(λ + p̂), α∨i ) = 〈λ + ρ̂, y
−1(α∨i )〉 6∈ N, Lemma 2.6 gives that w ◦ λ ∈ V(Ik) as
required. 
3. Kac-Wakimoto Admissible representations
For λ ∈ ĥ∗, let ∆̂(λ) and Ŵ (λ) be its integral root system and its integral Weyl
group, respectively:
∆̂(λ) = {α ∈ ∆̂re; 〈λ+ ρ̂, α∨〉 ∈ Z}, Ŵ (λ) = 〈sα;α ∈ ∆̂(λ)〉.
Let ∆̂(λ)+ = ∆̂(λ) ∩ ∆̂
re
+ , the set of positive roots of ∆̂(λ) and Π(λ) ⊂ ∆̂(λ)+, the
set of simple roots.
A weight λ ∈ ĥ∗ is called admissible if
(i) λ is regular dominant, that is, 〈λ+ ρ̂, α∨〉 6∈ {0,−1,−2, . . .},
(ii) Q∆̂(λ) = Q∆̂re.
An admissible number (for ĝ) is a complex number k such that kΛ0 is admissible.
Proposition 3.1 ([KW2, KW3]). A complex number k is admissible if and only if
k + h∨ =
p
q
with p, q ∈ N, (p, q) = 1, p ≥
{
h∨ if (r∨, q) = 1
h if (r∨, q) = r∨,
where h is the the Coxeter number of g and r∨ is the lacing number of g, that is,
the maximal number of the edges in the Dynkin diagram of g. If this is the case we
have Π̂(kΛ0) = {α˙0, α1, α2, . . . , αl}, where
α˙0 =
{
−θ + qδ if (r∨, q) = 1
−θs +
q
r∨ δ if (r
∨, q) = r∨.
For an admissible number k let Prk be the set of admissible weights λ such that
∆̂(λ) ∼= ∆̂(kΛ0) as root systems. Set
PrkZ = Pr
k ∩ ĥ∗k,Z,
where
ĥ∗k,Z = {λ ∈ ĥ
∗;λ(K) = k, 〈λ, α∨i 〉 ∈ Z for all i = 1, . . . , l}.(9)
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Then
PrkZ =
{
{λ ∈ ĥ∗k,Z; 〈λ, α
∨
i 〉 ≥ 0 for i = 1, . . . , l, 〈λ, θ〉 ≤ p− h
∨} if (r∨, q) = 1,
{λ ∈ ĥ∗k,Z; 〈λ, α
∨
i 〉 ≥ 0 for i = 1, . . . , l, 〈λ, θ
∨
s 〉 ≤ p− h} if (r
∨, q) = r∨.
(10)
We have [KW2]
Prk =
⋃
y∈W˜
y(∆̂(kΛ0)+)⊂∆̂
re
+
Prky , P r
k
y := y ◦ Pr
k
Z.(11)
Note that
PrkZ
∼=
{
P̂ p−h
∨
+ if (r
∨, q) = 1,
LP̂∨,p−h+ if (r
∨, q) = r∨,
where P̂m+ is the set of level m integral dominant weights of ĝ, and
LP̂∨,m+ is the
set of level m integral dominant coweights of the affine Kac-Moody algebra L̂g
associated with the Langlands dual Lie algebra Lg. Note also that for λ ∈ Prk
Z
we
have
∆̂(λ) =
{
{α+ nqδ;α ∈ ∆, n ∈ Z} if (q, r∨) = 1,
{α+ nqδ;α ∈ ∆long} ⊔ {α+
nq
r∨ δ;α ∈ ∆short, n ∈ Z} if (q, r
∨) = r∨,
(12)
where ∆long (resp. ∆short) is the sets of long roots (resp. short roots) of g. It follows
that
Ŵ (λ) =
{
W ⋉ qQ∨ if (q, r∨) = 1,
W ⋉ qQ if (q, r∨) = r∨
for λ ∈ Prk
Z
. In particular
Ŵ (λ) ∼=
{
Ŵ if (q, r∨) = 1,
LŴ if (q, r∨) = r∨,
for λ ∈ Prk, where LŴ is the Weyl group of L̂g.
Proposition 3.2 ([FKW, 1.5]). Let k be an admissible number for ĝ with denom-
inator q as in Proposition 3.1. Suppose that (q, r∨) = 1, and let W˜+ acts on Pr
k
Z
by tΛ¯jwj 7→ tqΛ¯jwj , on P
∨/qQ∨ be the identification W˜+ = P
∨/Q∨ = qP∨/qQ∨,
and on Prk
Z
× (P∨/qQ∨) diagonally. We have a bijection
(Prk
Z
× (P∨/qQ∨))/W˜+
∼→ Prk,
[(λ, µ)] 7→ t−µw ◦ λ,
where w is the element of W ⋉ qQ∨ such that t−µw(∆̂(kΛ0)+) ⊂ ∆̂
re
+ , which exists
uniquely. In particular
|Prk| = |P∨/qP∨||P̂ p−h
∨
+ | = q
l|P̂ p−h
∨
+ |.
Let LW˜+ denote the group W˜+ for L̂g, that is, the subgroup of the extended
Weyl group LW˜ of L̂g consisting of elements of length zero. It acts on Prk
Z
by
the identification Prk
Z
∼= LP̂
∨,p−h
+ if r
∨ divides the denominator of k. It acts also
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on the set P∨/qQ by the identification LW˜+ = P/Q = qP/qQ, and hence on
Prk
Z
× (P∨/qQ) diagonally. The following assertion can be proved in the same
manner as Proposition 3.2.
Proposition 3.3. Let k be an admissible number for ĝ with denominator q as in
Proposition 3.1. Suppose that (q, r∨) = r∨. We have a bijection
(Prk
Z
× (P∨/qQ))/LW˜+
∼→ Prk,
[(λ, µ)] 7→ t−µw ◦ λ,
where w is the element of W ⋉ qQ such that t−µw(∆̂(kΛ0)+) ⊂ ∆̂
re
+ , which exists
uniquely. In particular
|Prk| = |P∨/qP ||LP̂∨,p−h+ | =
ql|LP̂∨,p−h+ |
(r∨)|short simple roots of g|
.
Now recall the following important result [MF] (see also [FrM]).
Theorem 3.4 ([MF]). Let k be an admissible number and λ ∈ Prk
Z
. Then L(λ) is
a module over L(kΛ0).
The following assertion follows immediately from Proposition 2.5 and Theorem
3.4.
Corollary 3.5. We have λ¯ ∈ V(Ik) for λ ∈ Pr
k
Z
.
Proof of the “if part” of Main Theorem. Let µ ∈ Prky . Then there exist λ ∈ Pr
k
Z
and w ∈ W˜ such that µ = y ◦ λ and y(∆̂(λ)+) ⊂ ∆̂
re
+ . (Note that ∆̂(λ)+ =
∆(kΛ0)+.) The last condition is equivalent to that if α ∈ ∆̂
re
+ such that 〈λ+ρ, α
∨〉 ∈
Z then y(α) ∈ ∆̂re+ . Or equivalently, 〈λ + ρ, α
∨〉 6∈ Z for all α ∈ ∆̂re+ ∩ y
−1(∆̂re− ).
Since λ¯ belongs to V(Ik) by Theorem 3.4, so does µ¯ by Lemma 2.8. By Proposition
2.5, this completes the proof of the “if part” of Main Theorem. 
4. Semi-infinite restriction functors
In this section we prove the “only if” part of Main Theorem by reducing to the
sl2-cases. (Recall that statement of Main Theorem has been proved for g = sl2 by
Adamovic´ and Milas [AM].)
Let k be an admissible number for ĝ, so that
k + h∨ =
p
q
, p, q ∈ N, (p, q) = 1, p ≥
{
h∨ if (r∨, q) = 1,
h if (r∨, q) = r∨.
Let {ei, hi, fi; i = 1, . . . , l} be a set of Chevalley generators of g. For i = 1, . . . , l,
let pi be the minimal parabolic subalgebra Cfi⊕ h⊕ n of g, li its Levi subalgebra,
mi its nil-radical. We have
pi = li⊕mi, li = sl
(i)
2 ⊕ h
⊥
i ,
where sl
(i)
2 is the copy of sl2 spanned by ei, hi and fi, and h
⊥
i is the orthogonal
component of Chi in h. We have mi =
⊕
α∈∆(mi)
Cxα, where ∆(mi) = ∆+\{αi}
and xα is a root vector of g of root α.
Set
Lmi = mi[t, t
−1] ⊂ ĝ.
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We shall consider the semi-infinite Lmi-cohomologyH
∞
2 +•(Lmi,M) with coefficient
in M ∈ Ok. This is defined by Feigin’s standard complex (C
•(Lmi,M), d) ([Fe˘ı]);
H
∞
2 +•(Lmi,M) = H
i(C•(Lmi,M), d), C
•(Lmi,M) =M⊗
∧∞
2 +•mi, where
∧∞
2 +•mi
is a vertex (super)algebra generated by the odd field ψα(z) =
∑
n∈Z ψα,nz
−n−1,
ψ∗α(z) =
∑
n∈Z ψ
∗
α,nz
−n, α ∈ ∆(mi), satisfying the OPEs
ψα(z)ψ
∗
β(w) ∼
δα,β
z − w
, ψα(z)ψβ(w) ∼ ψ
∗
α(z)ψ
∗
β(w) ∼ 0.
Differential d is the coefficient of z−1 of the field
d(z) =
∑
α∈∆(mi)
xα(z)ψ
∗
α(z)−
1
2
∑
α,β,γ∈∆(mi)
cγα,β : ψ
∗
α(z)ψ
∗
β(z)ψγ(z) :,
where cγα,β is the structure constant: [xα, xβ ] =
∑
γ c
γ
α,βxγ and we have omitted
the tensor product symbol.
The space H•(Lmi, V
k(g)) inherits the vertex (super)algebra structure from
C•(Lmi, V
k(g)). It follows that the space H
∞
2 +•(Lmi,M), M ∈ Ok, is a module
over the vertex algebra H
∞
2 +•(Lmi,M). Similarly, H
•(Lmi, L(kΛ0)) is naturally
a vertex algebra, and if M ∈ Ok is a L(kΛ0)-module then H
∞
2 +•(Lmi,M) is a
module over H
∞
2 +•(Lmi, L(kΛ0)).
Define the rational number ki by the formula
ki + 2 =
2
(αi|αi)
(k + h∨) =
{
p
q if αi is a long root,
r∨p
q if αi is a short root.
(13)
Note that ki is an admissible number for ŝl2.
Let
V ki(li) = V
ki(sl
(i)
2 )⊗π,
where π is the Heisenberg vertex algebra associated with h⊥i [t, t
−1]⊕CK ⊂ ĝ at
level k + h∨:
π = U(h⊥i [t, t
−1]⊕CK)⊗U(h⊥
i
[t]⊕CK)Ck+h∨ ,
where Ck+h∨ is the one-dimensional representation of h
⊥
i [t]⊕CK on which h
⊥
i [t]
acts trivially and K acts as the scalar k + h∨.
For x ∈ li, set
x̂(z) = x(z)−
∑
β,γ∈∆(mi)
(x−γ |[x, xβ ]) : ψ
∗
β(z)ψγ(z) :,
where x−γ is a root vector of root −γ such that (x−γ |xγ) = 1. Then x(z) 7→ x̂(z),
x ∈ li, gives a vertex algebra homomorphism V
ki(li)→ C
•(Lmi, V
k(g)). Since x̂(z),
x ∈ li, commutes with the action of d, it induces a vertex algebra homomorphism
V ki(li)→ H
∞
2 +0(Lmi, V
k(g)),(14)
see e.g. [HT] for the details of the above facts. Thus, H
∞
2 +0(Lmi,M) , M ∈ Ok,
is a module over V ki(li). In particular, it is a module over ŝl
(i)
2 of level ki, which
belongs to the category Oki of ŝl
(i)
2 .
Denote by Vki (li) the simple quotient of V
ki(li). We have
Vki(li) = Lŝl(i)2
(kiΛ0)⊗π,
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where L
ŝl
(i)
2
(µ) denotes the irreducible representation of ŝl
(i)
2 with highest weight
µ. The quotient map V k(g) → L(kΛ0) induces the vertex algebra homomorphism
H
∞
2 +0(Lmi, V
k(g)) → H
∞
2 +0(Lmi, L(kΛ0)). Hence we have the vertex algebra
homomorphism
V ki(li)→ H
∞
2 +0(Lmi, L(kΛ0)).(15)
Theorem 4.1 ([A3, Theorem 7.5]). The vertex algebra homomorphism (15) factors
through the vertex algebra homomorphism
Vki(li)→ H
∞
2 +0(Lmi, L(kΛ0))
In particular, the fields êi(z), ĥi(z), f̂i(z) generate the admissible affine vertex alge-
bra L
ŝl
(i)
2
(kiΛ0) in H
∞
2 +0(Lmi, L(kΛ0)).
Proof. For reader’s convenience we shall sketch the proof here (see [A3] for the
details). For a weight µ ∈ ĥ∗ of level k, let W (µ) be the Wakimoto module of ĝ
with highest weight µ ([FF, Fre]). We have
H
∞
2 +i(Lmi,W (µ)) ∼=
{
Wli(µ) for i = 0,
0 for i 6= 0,
(16)
where Wli(µ) = Wŝl(i)2
(µ(i))⊗πµ|
h⊥
i
, µ(i) is a weight of ŝl
(i)
2 defined by
µ(i) = µ|Chi + kiΛ0,
W
ŝl
(i)
2
(µ(i)) is the Wakimoto module of ŝl
(i)
2 with highest weight µ
(i) and πγ is
the simple π-module with highest weight γ. In particular W (µ) is acyclic with
respect to the functor H
∞
2 +i(Lmi, ?). Hence one may compute the cohomology
H
∞
2 +i(Lmi,M) by using a resolution of M in terms of Wakimoto modules.
Set λ = kΛ0. For the admissible representation L(λ) there is a natural choice
for such a resolution, which is a two-sided analogue of the usual BGG resolution:
there exists a complex
C• : · · · → C−1
d−1
→ C0
d0→ C1
d1→ · · ·(17)
of ĝ-modules such that
Ci =
⊕
w∈Ŵ (λ)
ℓ
∞
2
λ
(w)=i
W (w ◦ λ), di =
∑
w,w′∈Ŵ (λ)
ℓ
∞
2
λ
(w)=i,ww′
dw,w′ ,
and Hi(C•) =
{
L(λ) for i = 0,
0 for i 6= 0,
where ℓ
∞
2
λ (w) denotes the semi-infinite length of w ∈ Ŵ (λ), the symbol  denotes
the covering in the semi-infinite Bruhat order, and dw,w′ for ww
′ is a non-trivial ĝ-
module homomorphismW (w◦λ)→W (w′◦λ), which is unique up to multiplication
by a nonzero constant. The existence of such a resolution was conjectured in [FKW],
and was proved in [A3] by applying a result [Fie] of Fiebig and a method [Ark] of
Arkhipov: Fiebig’s equivalence between different blocks of categories O shows the
existence of the usual BGG resolution of L(λ), and Arkhipov’s method enables us
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to transform the usual BGG resolution to the two-sided BGG resolution, see [A3]
for the details.
Now the spaceH
∞
2 +•(Lmi, L(λ)) is isomorphic to the cohomology of the complex
H
∞
2 +0(Lmi, C
•) obtained from (17) by applying the functor H
∞
2 +0(Lmi, ?), which
has the following form:
· · · →
⊕
w∈Ŵ (kΛ0)
ℓ
∞
2
λ
(w)=−1
Wli(w ◦ λ)
d′−1
→
⊕
w∈Ŵ (kΛ0)
ℓ
∞
2
λ
(w)=0
Wli(w ◦ λ)
d′0→
⊕
w∈Ŵ (kΛ0)
ℓ
∞
2
λ
(w)=1
Wli(w ◦ λ)
d′1→ · · · ,
where d′i =
∑
w,w′∈Ŵ (kΛ0)
ℓ
∞
2 (w)=i, ww′
d′w,w′ and d
′
w,w′ is the homomorphism Wli(w ◦ λ) →
Wli(w
′ ◦λ) induced by dw,w′. Observe that in this realization of H
∞
2 +•(Lmi, L(λ))
the vertex algebra homomorphism (15) is obtained from the vertex algebra embed-
ding
V ki(li) →֒Wli(kΛ0) ⊂ H
∞
2 +0(Lmi, C
0)
described in [Fre, Theorem 5.1]. Therefore in order to prove the assertion it remains
to show that the maximal proper submodule N of V ki(li) is contained in the image
of d′−1. Note thatN is tensor product of the maximal proper submodule of V
ki(sl
(i)
2 )
and π.
Set
α˙
(i)
0 =
{
−αi + qδ if αi is a long root or r
∨ 6 |q,
−αi +
q
r∨ δ if αi is a short root and r
∨|q,
and put s˙
(i)
0 = sα˙(i)0
. Then α˙
(i)
0 ∈ ∆(kΛ0), ℓ
∞
2
λ (s˙
(i)
0 ) = −1, s˙
(i)
0 1, and the maximal
submodule of V ki(sl2) is generated by a singular vector of weight (s˙
(i)
0 ◦ kΛ0)
(i)
([KW1]). One sees that the image of the highest weight vector of Wli(s˙
(i)
0 ◦ kΛ0)
in Wli(kΛ0) by the homomorphism d
′
s˙
(i)
0 ,1
is nonzero and generates the maximal
submodule of V ki(li) ⊂Wli(kΛ0). This completes the proof. 
Theorem 4.2 ([A3, Theorem 7.6]). If M is a module over L(kΛ0), the space
H
∞
2 +r(Lmi,M), r ∈ Z, is a direct sum of irreducible admissible representations of
ŝl
(i)
2 of level ki.
Proof. By Theorem 4.1, H
∞
2 +•(Lmi,M) is a module over L
ŝl
(i)
2
(kiΛ0) ⊂ Vki(li),
which belongs to the category O of ŝl
(i)
2 of level ki. Hence the assertion follows
immediately from [AM]. 
Let
Ltot(z) =
∑
n∈Z
Ltotn z
−n−2 := L(z)+ :
∑
α∈∆(mi)
: ψα(z)∂zψ
∗
α(z) : .
Then [Ltot0 , xt
n] = −nxtn for x ∈ g, [Ltot0 , ψα,n] = −nψα,n, [L
tot
0 , ψ
∗
α,n] = −nψ
∗
α,n.
It follows that Ltot commutes with d, and thus, acts on the space H
∞
2 +0(Lmi,M).
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ForM ∈ Ok, let C
•(Lmi,M)d ⊂ C
•(Lmi,M),H
∞
2 +•(Lmi,M)d ⊂ H
∞
2 +•(Lmi,M),
be the generalized Ltot0 -eigenspaces of eigenvalue d. Then
C•(Lmi,M) =
⊕
d∈C
C•(Lmi,M)d
H
∞
2 +•(Lmi,M) =
⊕
d∈C
H
∞
2 +•(Lmi,M)d.
Note that C•(Lmi,M)d is a subcomplex of C
•(Lmi,M) and H
∞
2 +•(Lmi,M)d is
the cohomology of the subcomplex C•(Lmi,M)d.
Lemma 4.3. Let M be a positively graded ĝ-module in the category Ok, and let dtop
be the L0-eigenvalue onMtop. Then H
∞
2 +•(Lmi,M) =
⊕
n∈Z≥0
H
∞
2 +•(Lmi,M)dtop+n
and
H
∞
2 +r(Lmi,M)dtop
∼=
{
Hr(mi,Mtop) if r ≥ 0,
0 otherwise,
where H•(mi, N) denotes the (usual) Lie algebra mi-cohomology with coefficient in
an mi-module N .
Proof. The first assertion is easy to see. The second assertion follows by observing
that C•(Lmi,M)dtop = Mtop ⊗
∧•
(mi) and the restriction of the differential to
C•(Lmi,M)dtop coincides with the differential of the Chevalley complex for calcu-
lating H•(mi,Mtop). 
Lemma 4.4. Let k be an admissible number and suppose that L(λ) is a module over
L(kΛ0). Then λ
(i) = λ|Chi ⊕ kiΛ0 is an admissible weight for ŝl2 for all i = 1, . . . , l.
Proof. Let dtop be the top weight of L(λ). By Lemma 4.3, H
∞
2 +0(Lmi, L(λ)) =⊕
d≥dtop
H
∞
2 +0(Lmi, L(λ))d and
H
∞
2 +0(Lmi, L(λ))dtop = H
0(mi, L
g
λ¯
).
It follows that the image [vλ] of the highest weight vector vλ of L(λ) is a non-zero
singular vector of ŝl
(i)
2 of weight λ
(i) in H
∞
2 +0(Lmi, L(λ)). Hence [vλ] generates a
(nonzero) highest weight ŝl
(i)
2 -submodule with highest weight λ
(i). But according
to Theorem 4.2 such a module must be admissible. This completes the proof. 
Proposition 4.5. Suppose that L(λ) is a L(kΛ0)-module. Then ∆̂(λ) ∼= ∆̂(kΛ0).
Proof. By Lemma 4.4, 〈λ + ρ, α∨i 〉 ∈
2
(αi|αi)q
Z for all i = 1, · · · l. It follows that
there exists ni ∈ Z for each i = 1, . . . , l such that αi + niδ ∈ ∆̂(λ). Hence
there exists nα ∈ Z for each α ∈ ∆ such that α+ nαδ ∈ ∆̂(λ).(18)
This implies that Q∆̂(λ) = Q∆̂re. Therefore [KW2] ∆̂(λ) is isomorphic to the
integral root system of some admissible weight of level k. But according to the
classification of admissible weights by Kac and Wakimoto [KW2], the integral roots
of admissible weights satisfying the property (18) must be isomorphic to ∆̂(kΛ0).

Proposition 4.6. Let k be an admissible number and λ ∈ ĥ∗k,Z (see (9)). Suppose
that L(λ) is a module over L(kΛ0). Then L(λ) is admissible.
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Proof. First, it follows that
〈λ, α∨i 〉 ≥ 0 for i = 1, . . . , l
from Lemma 4.4. Therefore the g-submodule Lg
λ¯
generated by the highest weight
vector of L(λ) is finite-dimensional. By [Kos] we have
Hr(mi, L
g
λ¯
)) ∼=
⊕
w∈W (i)
ℓ(w)=r
Lli
w◦λ¯
for r ≥ 0 as li-modules, where L
li
µ¯ is the irreducible highest weight representation
of li with highest weight µ¯ and
W (i) = {w ∈ W ;w−1(αi) ∈ ∆+}.
Therefore
H
∞
2 +r(Lmi, L(λ))dtop
∼=
⊕
w∈W (i)
ℓ(w)=r
Lli
w◦λ¯
by Lemma 4.3. Since each li-highest weight vector of H
∞
2 +r(Lmi, L(λ))dtop gener-
ates a highest weight representation of ŝl
(i)
2 , the weights (w◦λ)
(i) must be admissible
by Theorem 4.2, that is,
(w ◦ λ)(i) ∈ Pr
(i),ki
Z
for all w ∈W (i), i = 1, . . . , l.(19)
where Pr
(i),ki
Z
denotes the set Prki
Z
for ŝl
(i)
2 .
Now first consider the case that (r∨, q) = 1. It remains to show that 〈λ, θ〉 ≤
p− h∨, see (10). Let αi be any simple long root of g, so that there exists w ∈ W
such that θ = w−1(αi). Since (w ◦ λ)
(i) ∈ Pr
(i),ki
Z
and ki + 2 = p/q, we have
p− 2 ≥ 〈w ◦ λ, α∨i 〉 = 〈w(λ + ρ), α
∨
i 〉 − 1 = 〈λ+ ρ, θ〉 − 1 = 〈λ, θ〉+ h
∨ − 2.
We have shown that λ ∈ Prk
Z
.
Next consider the case that (r∨, q) = r∨. We need to show that 〈λ, θ∨s 〉 ≤ p− h.
Let αi be any simple short root of g. Then there exists w ∈ W such that θs =
w−1(αi). Since (w ◦ λ)
(i) ∈ Pr
(i),ki
Z
and ki + 2 = r
∨p/q = p/(q/r∨), we have
p− 2 ≥ 〈w ◦ λ, α∨i 〉 = 〈w(λ + ρ), α
∨
i 〉 − 1 = 〈λ+ ρ, θ
∨
s 〉 − 1 = 〈λ, θ
∨
s 〉+ h− 2.
Hence λ ∈ Prk
Z
as required. 
Proof of the “only if” part of Main Theorem. Suppose that L(λ) is a module over
L(kΛ0). By Proposition 4.5, ∆̂(λ) ∼= ∆̂(kΛ0). Therefore by [KW2, Lemma 2.1]
there exist y ∈ W˜ such that ∆̂(λ)+ = y(∆̂(kΛ0)+). Let µ = y
−1 ◦ λ. Then
∆̂(µ)+ = ∆̂(kΛ0)+ = y
−1(∆̂(λ)+).
This gives on the one hand that µ ∈ ĥ∗k,Z and on the other hand 〈µ + ρ, α
∨〉 6∈ Z
for α ∈ ∆̂re+ ∩ y(∆̂
re
− ). The latter condition implies that L(µ) is also a module
over L(kΛ0) by Lemma 2.8. But then Proposition 4.6 implies that µ must be an
admissible weight since µ ∈ ĥ∗k,Z. Therefore λ is also an admissible weight. This
completes the proof of the “only if” part of Main Theorem. 
RATIONALITY OF ADMISSIBLE AFFINE VERTEX ALGEBRAS IN THE CATEGORY O 17
The last assertion of Main Theorem now follows immediately from the fact
that Ext1Ok(L(λ), L(µ)) = 0 for any admissible weights λ, µ of level k since they
are regular dominant weights. In fact it is known by [GK, Theorem 0.2] that
Ext1ĝ(L(λ), L(µ)) = 0 for any admissible weights λ, µ. (Note that it is obvious that
Ext1Ok(L(λ), L(λ)) = 0, but it is highly non-trivial that Ext
1
ĝ(L(λ), L(λ)) = 0.)
Hence we have the following slightly more general assertion than the last assertion
of Main Theorem.
Proposition 4.7. Let M be a finitely generated L(kΛ0)-module on which n̂+ lo-
cally nilpotently and ĥ acts locally finitely. Then M is a direct sum of admissible
representations of ĝ whose integral Weyl groups are isomorphic to that of L(kΛ0).

Appendix A. Generalized semi-infinite Borel-Weil-Bott Theorem for
admissible representations
Let p be a parabolic subalgebra of g containing b−, and let p = l⊕ r− be the direct
sum decomposition of p with the Levi subalgebra l containing h and the nilpotent
radical m−. Denote by m ⊂ n the opposite algebra of m−, so that g = p⊕m. Let
l = l0⊕
s⊕
i=1
li
be the decomposition of l into direct sum of simple Lie subalgebras li, i = 1, . . . , s,
and its center l0 of l. Let hi = l ∩ h, the Cartan subalgebra of li, and denote by
∆i ⊂ ∆ the subroot system of g corresponding to li, ∆i,+ = ∆i∩∆+, Πi = Π∩∆i.
Let h∨i be the dual Coxeter number of li (with a convention that h
∨
0 = 0), θi the
highest root of ∆i, θi,s the highest short roof of ∆i.
Let l̂i = li[t, t
−1]⊕CK ⊂ ĝ for i = 0, 1, . . . , s. Set
Ki =
2
(θi|θi)
K,
and we consider Ki as an element of l̂i. Thus,
l̂i = li[t, t
−1]⊕CKi.
Then ĥi = hi⊕CKi is a Cartan subalgebra of l̂i. Set ĥ
∗
i = h
∗
i ⊕CΛ0,i ⊂ ĥ
∗, where
Λ0,i =
(θi|θi)
2 Λ0, and we regard ĥ
∗
i as the dual of ĥi.
Set
∆̂reli = {α+ nδ ∈ ∆̂
re;αi ∈ ∆i}
Then ∆̂reli is a subroot system of ∆̂
re. We regard ∆̂reli as a real root system of l̂i. In
particular subgroup of Ŵ generated sα, α ∈ ∆̂
re
+ , is identified with the Weyl group
Ŵi of l̂i.
For λ ∈ ĥ∗ define λi ∈ ĥ
∗
i , i = 0, 1, . . . , s, by
〈λi + ρ̂i, α
∨ + nKi〉 = 〈λ+ ρ̂, α
∨ +
2n
(θi|θi)
K〉 for α∨ ∈ hi,
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where ρ̂i = ρi + h
∨
i Λ0,i, ρi =
∑
α∈∆i,+
α/2. Observe that if λ is an admissible
weight of ĝ level k, then λi is an admissible weight of l̂i of level ki for i = 1, 2, . . . , s,
where
ki + h
∨
i =
2
(θi|θi)
(k + h∨).
Define Lie algebras
l̂ =
s⊕
i=0
l̂i, t̂ =
s⊕
i=0
ĥi ⊂ l̂.
For λ ∈ ĥ∗, set
λl =
s∑
i=0
λi ∈ t̂
∗,
and let Ll(λl) be the irreducible highest weight representation of l̂ with highest
weight λl. Then Ll(λl) =
⊗s
i=0 Lli(λi), where Lli(λi) is the irreducible highest
weight representation of l̂i with highest weight λi. The weight λl ∈ t̂
∗ is called
admissible if λi is admissible for all i 6= 0, and if this is the case the l̂-module Ll(λ)
is called admissible.
Now let k be an admissible number for ĝ, and let λ ∈ Prk
Z
. Set
∆̂l(λ) =
s⋃
i=1
∆̂li(λ), ∆̂li(λ) = ∆̂
re
li
∩ ∆̂(λ),
and let Ŵl(λ) be the subgroup of Ŵ (λ) generated by sα, α ∈ ∆̂l(λ).
Define
Ŵ l(λ) = {w ∈ Ŵ (λ);w−1(∆̂(λ)+) ⊂ ∆̂
re
+ }.
Then the multiplication map Ŵl(λ) × Ŵ
l(λ) → Ŵ (λ), (u, v) 7→ uv, is a bijection.
Moreover we have
ℓ
∞
2
λ (uv) = ℓ
∞
2
λ (u) + ℓ
∞
2
λ (v)
for u ∈ Ŵl(λ), v ∈ Ŵ
l(λ) ([Pet], see [A3, Theorem 3.3]).
Lemma A.1. (i) For w ∈ Ŵ (λ), (w ◦ λ)l is admissible if and only if w ∈
Ŵ l(λ).
(ii) For w,w′ ∈ Ŵ l(λ), (w ◦ λ)l = (w
′ ◦ λ)l if and only if w = w
′.
Let Lm = m[t, t−1] ⊂ ĝ. The semi-infnite Lm-cohomology H
∞
2 +0(Lm, L(kΛ0))
is naturally an l̂-module. In fact, as in the case that p is a minimal parabolic
subalgebra (see Theorem 4.1), there is an injective vertex algebra homomorphism
Ll((kΛ0)l) =
s⊗
i=0
Lli(kiΛi,0) →֒ H
∞
2 +0(Lm, L(kΛ0))(20)
provided that k is admissible ([A3, Theorem 7.5]). Since L(λ) is a module over
L(kΛ0), H
∞
2 +p(Lm, L(λ)) is a module over the vertex algebra H
∞
2 +0(Lm, L(kΛ0)),
and hence, is a module over Ll((kΛ0)l). Since each ki is an admissible number for
l̂i for all i 6= 0, it follows from Main Theorem that H
∞
2 +p(Lm, L(λ)) is a direct sum
of admissible representations of l̂ for each p ∈ Z.
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The following assertion can be proved in the same manner as in [A3, Theorem
7.7].
Theorem A.2. Let k be an admissible number for ĝ, λ ∈ Prk
Z
. For each p ∈ Z we
have the l̂-module isomorphism
H
∞
2 +p(Lm, L(λ)) ∼=
⊕
w∈Ŵ l(λ)
ℓ
∞
2
λ
(w)=p
Ll((w ◦ λ)l).
Remark A.3. Although an admissible affine vertex algebra has only finitely many
isomorphism classes of simple modules in the category O the sum in Theorem A.2
is infinite since l̂0 is a Heisenberg algebra which has infinitely many isomorphism
classes of simple modules in the category O.
Theorem A.2 should be regarded as an analogue of Kostant’s generalized Borel-
Weil-Bott Theorem [Kos] appeared in the proof of Proposition 4.6. It has been
proved in [HT] in the case that L(λ) is an integrable representation of ĝ using
the fact that integrable representations are unitarizable, following the original idea
of Kostant’s proof. Their proof does not apply to our case since non-integrable
admissible representations are not unitarizable.
We also note that in the above formula it was essential that L(λ) is an admissible
representations in order to to apply Main Theorem for l̂i, i 6= 0. Otherwise, the com-
plete reduciblility does not necessarily hold and the cohomology H
∞
2 +p(Lm, L(λ))
may be very complicated.
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